A generalization of the chiral effective lagrangian of order p 2 is proposed which describes PS glueball, η ′ -mesons and its excitation interacting with octet of the Goldstone-like states π,K,η. The renormalization group for composite operators generating above singlet states, and some other QCD-inspired conditions have been taken into consideration. Model-independent constraints are found for the contributions of the singlet states in the lagrangian subject to their nature. The hierarchy of the mixing angles is described which is defined by the chiral expansion and the large-N c . The problem of radiative decays of the isosinglet mesons is discussed. It is shown that PCAC formula for η ′ → γγ must be modified significantly in the approximation with the η − η ′ mixing is taken into account.
Introduction
The problem of description of glueballs remains unsolved in QCD in spite of its long history. The reason, which is usually indicated, is lack of understanding of mechanism of the color confinement, which is necessary either to prove the existence of glueballs and to calculate their properties. However, there is the phenomenological approach to the problem. It does not raise above fundamental questions but intends to evaluate the properties of glueballs versus those of conventional quarkic states. Then, the results are compared with the available experimental data in order to distinguish the glueballs from the other states in corresponding channel.
Unfortunately, the phenomenological approach has not given much to solve the problem since lack of the available experimental data and strong theoretical methods. Indeed, for the present one knows qualitative only model-independent methods allowing to predict the glueball properties.
1 They are based on the concept of the flavour "democracy" in the decays and on the idea of the copious glueball production in the "gluon-rich" channels. In addition, there is the large-N c approach which predicts somewhat smaller width of glueballs versus that of conventional quarkic states. However, in reality above properties may be spread among a set of observable states due to the mixing phenomenon. As a result, it becomes problematic to recognize the nature of the singlet states, especially in case of the large mixing. Apparently, the latter situation takes place in the pseudoscalar (PS) channel in the iota region. Similar situation may take place in other channels, as well [1] .
Thus, studding the glueballs one must take into consideration the phenomenon of the quark-gluon mixing. However, the very notion of the singlet quarkic and gluonic states is not well understood in QCD, since in QCD the quarks and gluons interact by means of the single gauge coupling constant. As a result, they cannot be separated without breaking of the gauge symmetry. Notice, it is doubtful that it is possible to escape the problem attracting the concept of constituent or valence quarks and gluons, because the quark-gluon mixing may depend on the ultraviolet (UV) renormalization scale. (This phenomenon has been described at first in the PS channel [2] .) As a result, there is a question on the meaning of the term 'contents' as applied to singlet mesons.
The problem has been stated more than a decade ago. However, then it was ignored till beginning 1990-th, when the renormalization-group (RG) generalization of the wellknown PCAC formula for π 0 → γγ to η ′ → γγ was proposed [3, 4] . Soon after, a PCAC-like model for RG invariant description of either η ′ -meson and the PS glueball was suggested [5] . However, the latter was a model only and, moreover, it was not elaborated for the description of interaction between glueball and other states. Therefore, it is important to find a more complete approach which will allow one to carry out more substantial investigations. Apparently, the most advanced one is the approach of the chiral effective lagrangian [6] . Considered in framework of the chiral perturbation theory [7, 8] it permits to describe in a model-independent way the lightest pseudoscalar states π,K,η and their interactions with extra heavier states [9] . More generally, the method permits to describe any low-energy phenomenon of the strong interactions. In particular, it permits to describe the mixing and the decays of the singlet PS states.
Of course, involving the singlet states one has no longer chiral-symmetry restriction of their interactions, except the lowest quarkic singlet PS state (η ′ -meson) which is conditioned by its U(1) A transformation property [8, 10] . Nevertheless, the present paper suggests additional (dynamical) restriction for η ′ and any other singlet PS state. Besides, it found some special restrictions for the excitation over η ′ and for the groundstate PS glueball. The QCD-inspired renormalization-group requirements are taken into consideration, too. (Actually, these requirements affect the contributions of the external fields but not the interpolating fields for observable states [11] . Therefore, the problem of the RG invariant description of the singlet PS states has rather trivial solution in the approach of the chiral effective lagrangian.)
The structure of the present paper is as follows. Next section collects the necessary notations and formulae which follow the chiral symmetry and the RG symmetry in QCD. Section 3 discusses the generalization of the chiral effective lagrangian which involves the singlet interpolating fields and satisfies symmetrical conditions. Section 4 proposes the self-consistency condition and some rather general physical condition, which permits to distinguish between the ground and excited states in a strong-interaction theory. The final form of the chiral effective lagrangian is proposed in the section 4, as well. The mixing of the isosinglet PS sates and the problem of their radiative decays are discussed in sections 5 and 6. Section 7 outlines the results.
General symmetrical conditions
It seems the most consistent way to introduce chiral effective lagrangian is through the generating functional [7, 8] . This method permits to observe completely connection between the effective theory and the underlying theory (QCD). In a path-integral approach the generating functional is written in next two equivalent forms:
Here D [q,q, G] is the measure involving ghosts and gauge-fixing terms, L QCD is the QCD lagrangian with V, A, S, P, Θ are the sources for the composite operators generating the lightest PS states and their chiral partners (the notations are obvious),
The second equality in (1) describes the generating functional in terms of the effective theory with the lagrangian L ef f involving the octet of the lightest PS states of the Goldstone nature and some other heavier states, if they are not integrated out. The interpolating fields for the octet states are accumulated in the special unitary 3 × 3 matrix U. In the exponential parameterization it has a form
where η α are the interpolating fields, and F is the universal decay constant. In the framework of the chiral perturbation theory L ef f is represented as an expansion in derivatives of fields, each order of which is determined by the QCD symmetries. The most important one is the chiral symmetry U(3) L ×U(3) R . It demands the lagrangian must be a sum of an invariant part and the Wess-Zumino-Witten term which transforms nontrivial under the group. Under subgroup SU(3) L ×SU(3) R matrix U and the external fields transform like
Under U(1) L ×U(1) R matrix U is invariant, whereas L µ , R µ and M transform by (5), as well. The Θ transforms under the full chiral group by the additive shift only,
where ω
is the parameter of the U(1) A chiral rotation. Condition (6) compensates the effect of the rotation of the θ-vacuum in QCD.
Another symmetry inspired by QCD is the renormalization-group one. Earlier, it has not been considered seriously (as applied to the chiral effective theory), since it has not been well understood how to renormalize the underlying theory with the compositeoperator sources are switch on. The difficulty was the problem to renormalize Green functions which involves more then one composite operator. The problem has been solved in a recent work [12] which finds that the renormalized action of the theory must be extended to include all possible terms (gauge invariant Lorentz scalars of dimension 4) formed from a single composite operator and an arbitrary number of sources and divergences. It is crucial that the unit operator 1 must be included into the basis of composite operators, since the renormalized action must include terms involving sources only. Ref. [12] showed that the generating functional of the renormalized theory would been RG invariant when it was written in terms of the renormalized sources. (In fact, the similar property was well-known for a theory without the composite operators.) In case of (2) the renormalized sources are as follows:
Here Z m and Z are the renormalization constants, index R indicates the renormalized sources. (Some mass-independent renormalization scheme is implied in (7) . Constant Z was first calculated in [2] . The elementary-field renormalization must be performed in (7), as well, but for simplicity we disregard it.) Notice, the inhomogeneous character of the renormalization rule for A 0 µ in (7) means that there is the renormalization-scaledependent mixing between the operators of the divergence of axial singlet quark current J 0 µ5 =qγ µ γ 5 (λ 0 /2)q and density of the topological charge Q. Indeed, owing to (2) and (7) the renormalized operators are
Besides (7), the auxiliary source for the unit operator must be renormalized, as well [12] . The corresponding formula is the sum of all chiral-invariant terms of the normal dimension 4 which are constructed from the nonlinear combinations of the sources of the lagrangian (2) . However, all these terms are of the chiral dimension 4 or higher. So, when the theory is considered at order p 2 of the chiral expansion then the renormalization of the auxiliary source may be disregarded. Thus, the sole RG requirement which must be taken into consideration at order p 2 is the requirement that L ef f must be RG invariant provided that the external fields are renormalized like (7).
Chiral lagrangian involving singlet interpolating fields
A starting point to determine the chiral effective lagrangian involving the octet and singlet interpolating fields is well-known case [8] when the octet interpolating fields are involved only. At leading order p 2 of the chiral expansion the corresponding lagrangian is described by nonlinear σ-model with the external fields switched on,
Here the tildes mean that L µ and R µ are determined without the singlet fields L (9) in the contact term which is described by the constant H. The latter is connected with the low-energy asymptotics of the propagators of the axial singlet quark current and of the density of the QCD topological charge. Constant F stands for the universal octet decay constant, B is connected with condensate of quarks. Above description of the constants stays in accords with the fact that in the leading order of the chiral expansion the quantum loops of the effective theory do not contribute into the generating functional and the latter is represented as
Here U is the solution to the classical equations of motion in the presence of the external fields. Due to (4)- (6) , lagrangian (9) and the generating functional (10) are chiral invariant. The RG symmetry will be observed if the constant F is RG invariant and the constants B and H transform like
Under these conditions matrix U and the interpolating fields η α , α = 1, . . . 8, are RG invariant.
A generalization that involves singlet PS interpolating fields may be obtained by insertion of the invariant functions instead of the low-energy constants and adding the kinetic and self-interaction terms for the extra singlet states. Previously [8] such procedure has been considered without taking into consideration the QCD-inspired renormalization group. However, since the latter there is it must be observed. Besides, owing to the nontrivial character of the group in the singlet channel it is not a priori clear whether it imposes some nontrivial constraints for the singlet-state contributions in the lagrangian.
In order to clear up this question let us consider, at first, the principal case when only the lowest singlet quarkic state η 0 is involved as an extra singlet state. The exceptional property of the interpolating field for this state, which allows one to identify it unambiguously, is its transformation on a shift only under the action of the full chiral group [10] :
Here ω (12) is a new parameter of dimension of mass, connected with the normalization of η 0 . Usually, it is assumed that when η 0 -normalization is chosen to be canonical one, then F 0 may be associated with the decay constant which appears as a factor in the representation of η 0 in terms of divergence of the axial singlet quark current (by the analogy with PCAC for the octet states). However, in view of (8), ∂ µ J 0 µ5 does not RG invariant. Moreover, due to the anomalous axial Ward identity it involves the contribution of the gluonic composite operator Q. So, above assumption is incompatible with the condition that η 0 is the interpolating field for the quarkic singlet state. Besides, since J 0 µ5 is a complete singlet the assumption is incompatible with condition (12), which is necessary for the lowest singlet quarkic state.
Another way to connect η 0 with the QCD-variables is to attribute it to the singlet PS quark current J 0 5 = iqγ 5 (λ 0 /2)q. Then, it becomes possible to satisfy all necessary conditions. Indeed, performing U(1)
Here [qq ] is the scalar quark density and in the second relation [qq ] is replaced by its v.e.v. value <qq >=<ūu > + <dd > + <ss >. Assuming
where η κ and |η κ > stand for heavier states in the channel and dots mean multiparticle contributions, one can immediately obtain (12) from (13) and (14), and, moreover, the exact expression for the constant F 0 in terms of QCD-variables:
Note, an equivalent expression for F 0 has been obtained earlier [4] in some another approach, but by means of rather long and complicated consideration. The property of the RG invariance of F 0 follows from (15) and the RG properties of [qq ] and J 0 5 . Now, let us present the correct generalization of the chiral effective lagrangian. At order up to and including p 2 its general form is
Here L (0) describes the η 0 alone. The second and the third terms involve the kinetic and the mass terms for the octet states. The explicit form of L (0) is as follows
Here
are the chiral-invariant derivatives. Multiplier h in (18) is a new dimensional parameter equating the dimensions of the both derivatives. H 0 and H Θ in (17) are dimensionless constants (further, we shall put H 0 = 1, assuming H 0 to be absorbed in favour of h). M 0 is the mass parameter for η 0 . The term L
int in (17) describes the η 0 self-interaction and its interaction with the external fields. It should be emphasized that, except S 0 and P 0 , the chiral dimension of all singlet fields and their derivatives is considered as zero.
2 As a result, L (0) int in (17) may be considered as an arbitrary function (Lorentz-invariant, with positive charge-conjugation and parity) on (η 0 + F 0 Θ), ∇ µ η 0 , and ∇ µ Θ. As a whole, the lagrangian L (0) describes the order p 0 of the chiral expansion. The 'kinetic' and 'mass' terms in (16) have the following explicit forms
where M = S + iP . Both these terms describe the order p 2 of the chiral expansion. Notice, the whole dependence on the current quark masses in L ef f is collected in the term L (mass) . The Σ in (20) describes the nonet of the PS mesons,
2 In this point we drastically diverge with [8] , where any derivatives were considered as raising the chiral dimension, and the singlet field A 0 µ being of the chiral dimension 1. Actually, Ref. [8] proved that result for the octet fields only but not for the singlet ones. Indeed, the chiral dimension of the mass parameter M 0 is zero, since it does not vanish in the chiral limit [10] . Owing to this property and the equation of motion for η 0 the derivatives of η 0 must not vanish in the chiral limit, as well. So, they have the same chiral dimension as η 0 has, i.e. the zero one. The singlet external fields Θ, A 0 µ and their derivatives must be considered as of the same chiral dimension, in order to avoid the discrepancy between the chiral counting and the chiral symmetry.
Owing to (12) , Σ transforms like M under the full chiral group. The quantities υ 1 and υ 2 in (19), (20) are the invariant functions on (η
Function υ 1 is real and even, whereas υ 2 may be complex and υ * 2 (x) = υ 2 (−x). The essential property of lagrangian (16) is that it depends on the singlet external field A 0 µ through the invariant derivative ∇ µ Θ only. As a result, the RG invariance of L ef f will be observed if the parameter h is renormalized like
Thus owing to (7) and (22) ∇ µ Θ becomes not only the chiral-invariant but, also, the RG invariant. Actually, (22) follows from the fact that the parameter h means the normalization (decay) constant for the singlet axial quark current. The simplest way to prove that is to examine the current in the chiral effective theory (in what follows we shall imply L ef f to be an action if it will appear under the sign of the variational derivative):
Here the first equality is the definition of the current, the second one represents its in terms of the invariant variables. The third equality presents the leading term of the decomposition in the powers of fields. (The dots stand for some inessential external-field contributions and multiparticle contributions.) It is the straightforward consequence of (23) that h is really the 'decay' constant for singlet axial quark current. It is interesting to compare (23) with the similar expression for the Noether U(1) A current. In accordance with (12) and the general definition it is
Here F 0 plays the similar role as h in (23) but just in the Noether current. Thus F 0 has a meaning of the 'decay' constant for the Noether current in the effective theory.
One certain property of the Noether current (24) should be discussed specially. It is that unlike QCD the Noether current in the effective theory is not conserved. This property follows immediately from (24) and the equation of motion for
Note, this fact stays in accord with the property that U(1) A is not the exact symmetry in QCD because of non-invariance of the θ-vacuum [13] . The mentioned difference connects with the fact that there is the differences between the topological charge density in QCD and its analog in the effective theory,
It is natural to name Q as a gluonic current. The essential property of Q is that it is not a total divergence, whereas Q does. This property reflects the fact that the effective theory describes the observable degrees of freedom only and knows nothing about the topological structure of the vacua in QCD. Nevertheless, both Q and Q exhibit the same symmetrical properties. Indeed, when the equation of motion for η 0 is taken into account, then (25) reproduces well-known anomalous Ward identity. It is easy to verify that the RG-transformation property (8) is reproduced by (25), as well. However, if η 0 alone is involved as an extra singlet state, then there is an inherent discrepancy in the behavior of Q at large N c . To show that let us, again, consider the power-decomposition,
Here the equation of motion has been taken into account, and {mass} stands for the terms which are proportional to the current quark masses. Since h ∼ N
Fortunately, it is clear how to remove the discrepancy. It is enough to introduce another singlet interpolating field, η G , which is the gluonic in its origin. The corresponding generalization of the chiral lagrangian may be performed by the analogy with previous case. One must take into account only that η G is a complete singlet. Therefore, it does not undergo any chiral transformation, including U(1) A one. So, to introduce η G one has to include the η G -dependence in υ 1,2 and L
int , and also to include the necessary kinetic and interaction terms into L (0) . The latter now has the form
Here q is a very new parameter which describes the mixing between η 0 and η G . If η G is really a glueball, then q ∼ N −1/2 c at large N c . The other new parameters in (27) behave as
has the correct large-N c behavior. This property seems natural since the gluonic current may be saturated by the gluonic contribution only. Notice, owing to (22) and the fact that the term {mass} is RG invariant, there appear the RG scale-dependent mixing in (28) between the quarkic and gluonic contributions. Nevertheless, in the lagrangian the mixing between η 0 and η G is RG invariant since the mixing parameter q is RG invariant (the latter property follows from the requirement of RG-invariance of the chiral effective lagrangian). That means that one can describe the mixing of the singlet PS states to be RG invariant in the approach. Now, so long as the gluonic state was involved, one can make the next step and involve another extra singlet state. Its origin may be connected with excitation over η 0 , independently either it is the quarkic excitation or hybrid (the gluonic excitation). In what follows, we shall reserve for this extra state the symbol η 0 . The corresponding generalization of the chiral effective lagrangian is clear. The difference between both states, η G and η 0 , may be revealed studding their behavior at large N c . For example, the parameter q, describing the mixture between η 0 and η 0 , behaves as
. In principle, studding the large-N c behavior allows one to distinguish unambiguously between the states. However, this way seems not too promising to obtain some strong results which will be useful for the practical identification of the observable states. Therefore, it is extremely important to find another physical conditions. Elaborate this way is the topic of next section.
4
Self-consistency condition
Remember, in previous section we have obtained the expression for the constant F 0 in terms of QCD-variables. The similar expression may be obtained in terms of the effective theory. With this purpose let us, again, consider case when η 0 alone is involved as an extra singlet state. Let the invariant function υ 2 has the decomposition
where b 0 is a massless parameter, λ 0 = 2/3 is the numerical factor. Then, in view of (29), the power-decomposition of the singlet PS quark current looks like (the definition and the explicit expression for the current in the effective theory see in (33))
Here the equality BF 2 = − <ūu > 0 has been taken into consideration, <ūu > 0 = <dd > 0 = <ss > 0 . From (30) one may conclude that F 0 connects the canonically normalized η 0 with the singlet PS quark current. (In Ref. [4] this very property has been put as the definition of F 0 .) However, extracted from (30) F 0 will not coincide with that extracted from (15) unless the parameter b 0 equals zero,
Equation (31) represents the simplest manifestation of the self-consistency condition. In fact, it follows from rather more general consideration and admits more general form. To find it let us investigate the scalar and pseudoscalar quark currents simultaneously. The definitions of the currents and their explicit expressions at order p 2 are as follows (a = 0, 1, . . . 8),
The exception property of the currents (32), (33) is that they are independent on the sources S a and P a which generate these currents themselves. Due to this property and the equality W QCD = W ef f one can establish the next relation between the matrix elements in QCD and in the effective theory:
Here the identical sets of operators are implied in both sides of the relation. (To derive (34) one may differentiate the equality W QCD = W ef f with respect to S a and P a and apply the reduction formulae.) The state vectors in (34) are the vacuum state or (multiparticle) states made up from π, K, η, η ′ . We assume that these states form a closed subspace of states in QCD at low-energies (at order p 2 ). Relation (34) means that up to and including order p 2 there is the one-to-one correspondence between the operators J a , J b 5 in QCD and the operators J a , J b 5 in the effective theory. Consequently, both sets of operators, considered at fixed sources (fixed external fields), must have the same chiral-symmetrical properties. That means that they must satisfy the one and the same permutation relations with generators of the chiral symmetry. 4 In case of SU(3) L ×SU(3) R ×U(1) V above condition imposes not restriction for the currents J a , J b 5 , since corresponding Noether currents coincide with left/right vector currents, like they do in QCD. On the contrary, the Noether U(1) A current in the effective theory does not coincide with any current connected with the sources (external fields). Therefore, above symmetrical condition may lead to some nontrivial result in case of U (1) A . In the reality it is this is happened. Indeed, the infinitesimal transformations of the currents J a , J a 5 , imposed by the condition, are as follows
From here, (32) and (33), and the transformation property δΣ = iλ 0 δω 0 5 Σ one may deduce that (35) may be observed only when υ 2 is invariant under the transformation. At the fixed external fields this is possible only when υ 2 does not depend on η 0 and its derivatives. Therefore, υ 2 is either a constant or a function on ∇ µ Θ alone. This very result is the very self-consistency condition. It may be derived, also, from the analysis of permutation relations between the currents J a , J a 5 and the generator for U(1) A chiral rotation (see Appendix).
The self-consistency condition allows one to derive an important corollary which concerns the dependence of the chiral effective lagrangian on the interpolating field for any other extra singlet state η κ if it also was involved in the effective theory. (We do not distinguish here the nature of η κ ). The idea is to search that the dependence on η 0 will not appear in υ 2 after η κ was integrated out. In what follows, we shall distinguish two cases, one which when function υ 2 involves the dependence on η κ and another one when do not. In the first case, after η κ was integrated out, the dependence on η 0 in υ 2 will not appear if the lagrangian L (0) does not involve an interaction between η 0 and η κ . In particular, in this case the mixing interaction between η 0 and η κ is suppressed. It is easy to prove this result. Indeed, since in this case η 0 does not contribute at order p 0 into the equation of motion for η κ , then it will not contribute into υ 2 in this very order. This observation proves the result. In the second case, when υ 2 involves not dependence on η κ , lagrangian L (0) may well contain an interaction between η 0 and η κ , including the mixing one. Moreover, owing to the Weinberg 'theorem' [6] , since there is a possibility for the interaction then the interaction must be.
Thus there are two quite different possibilities to introduce an extra singlet state. This fact puts us into an idea that each case maybe correspond to some specific kind of the singlet state. To clear up this question let us look at the theory when the current quark masses and the external fields are switched off. Under this specific condition L (mass) in (16) disappears and the octet states, whose interpolating fields are collected in the matrix U, become the Goldstone bosons. Then, the term L (kin) alone describes the self-interactions of the octet states and their interaction with extra singlet states. only. This property means that the interaction is accompanied by some non-equal-zero number of strong-interacting massless particles (Goldstone bosons). The latter, obviously, is peculiar to excited states, since when there is not mass gap the strong interacting massless particles should necessary been emitted if the excited state was affected appreciably (at order p 2 ) by some another particle. Note, this condition has rather general physical meaning. Certainly, if one knew a way to describe the excited states in the massless limit one might derived this condition in the exact QCD.
So, η κ is an excited state in case when function υ 2 involves the η κ -dependence but the lagrangian L (0) involves not an interaction between η κ and η 0 . In this case, if η κ has the large-N c behavior like a quarkic state has, then η κ is an excitation over η 0 . In case when function υ 2 involves not the dependence on η κ , then η 0 and η κ may well interact between themselves without the emission of the Goldstone bosons. So, η κ is a ground (not-excited) state in this case. Therefore, η κ is a glueball if it has the corresponding large-N c behavior. (Otherwise η κ is a ground multiquark state. However, since its nature seems too vague we do not discuss this possibility.) Now, one can switch on the current quark masses. Then the excited states somewhat lose their properties. Nevertheless, they will not lose their nature. Therefore, above classification remains in force.
The results of the discussion are summarized in next Table, The type of the contributes interacts (mixes)
In addition to the Table, one should note that the interaction (mixing) between η G and η 0 is suppressed in L (0) , as well.
5
The mixing
The previous-section investigation has shown that there is the certain structure of the mixing among the singlet states. Let us investigate it systematically, taking into consideration the contributions of the current quark masses. At first, let us consider the most simple case when only η 0 and η G are involved as extra singlet states. Then, in view of (16), (20) and (27), the squared mass matrix in the basis η
Here r = F/F 0 ,
with M π and M K are the pion and kaon masses. The zero value (M 2 )
G are the consequences of the independence of the function υ 2 on η G . Matrix M 2 may be diagonalized by the orthogonal rotation matrix
where c i = cos θ i , s i = sin θ i . The meaning of the angles θ i follows the notation
. The indexes j and n ran the values j = 8, 0, G and n = η, η ′ , η Gl , where η, η ′ , η Gl are the observable states from the spectrum of the theory. It is not too difficult to show that the angles θ i are connected with the parameters of the matrix M 2 like as follows:
Here in each formula the second equality displays the leading term of the combined large-N c and chiral expansion. Remember,
In what follows, it will be convenient to introduce the common parameter of the expansion, ε, which in its order of magnitude coincides with O(p) and some power of N
Actually, one should put α > 1/2, since otherwise one cannot consider η 0 to be a heavy state with respect to pions and kaons. (This requirement is necessary for validity of the chiral perturbation theory, see e.g. [11] .) The most preferable value is α ≃ 1, since in this case there is the hierarchy
ηGl ∼ 1, which is quite similar to that which takes place in the reality. Indeed, putting α ≃ 2 −(1.9 GeV) 2 . With this very value for α we have from (39)-(41) the hierarchy:
Thus, the most significant angle is θ 1 which describes the η 0 − η G mixing. The next one is θ 2 describing the mixing η 8 − η 0 . Note, both these angles have close behavior and, therefore, their values should be close, as well, since the phenomenological value of ε is about 0.3 -0.4. The third angle θ 3 , which describes the η 8 − η G mixing, turns out to be negligible as compared with θ 1 and θ 2 .
Quite different picture is realized in case when η 0 is involved instead of η G . In this case
where θ 
Here M 2 is given in (36) and parameter b 0 describes η 0 -contribution into υ 2 (by the analogy with (29)). The zeros in (45) are the reflection of the absence of the direct mixing between η G and η 0 in the chiral effective lagrangian. The diagonalization of the matrix M 2 may be performed by two steps. At first, one may diagonalize the block M 2 :
3 ), and
In (47) we have neglected the u-and d-quark contributions as compared with the s-
) and put r = 1 at large N c . Also, we have introduced the usual notation:
O may be diagonalized by the transformation:
(48) Here the transformation matrix approaches an orthogonal one if σ = O(p 2 ). Neglecting the higher-order corrections, matrix M 2 Ωσ is diagonal in p 2 -approximation if
Then, from (49) and (47) one may obtain
In view of
, one can deduce from (50) that σ n is really of order p 2 . So, up to and including order p 2 the total mixing matrix is representable as
Each σ n in (51) may be understood as the angle describing the mixing between η 0 and η 8 , η 0 , η G , respectively. Owing to (38), (43) and
Here the first two relations coincide with (44). The last relation shows that the η G − η 0 mixing is of the same order of magnitude as the η 8 − η G one does. Thus the leading mixing angles are the θ 1 = θ 0-G and θ 2 = θ 0-8 with the behavior ε 1/2 and ε, respectively. The next-to-leading angles are θ 8-0 and θ 0-0 , both of order ε 2 . The angles θ 8-G and θ G-0 are of order ε 5/2 and, therefore, both they are negligible. At the end, let us notice that there is the exceptional case when above general picture may fail. It is when the denominator in (50) turns out to be small. Such situation may take place when n takes the meaning of η η Gl may take any value, including one which closes to the numerator value in (50). If this situation really takes place, then one has to reconsider above analysis without the approximation of (48)-(51). Notice, in the reality such situation, apparently, is realized in the system of states η(1420) and η(1490). However, to make a definitive conclusion one must to perform a special investigation.
Radiative decays
According to the wide spread opinion the radiative decays are the best tool for the phenomenological study of the η − η ′ mixing. Usually, with this purpose the well-known PCAC formulae are drawn. However, recently it has been shown [4] that the straightforward generalization of the PCAC formula for π → γγ to η ′ → γγ is inconsistent with the renormalization group, and therefore incorrect in principle. The correct PCAC formula for η ′ → γγ, which has been obtained in the framework of Zumino effective action, involves a new 'decay' constant instead of the usual one and an additional proper vertex. However, Ref. [4] did not suggest clear enough interpretation for the vertex, because it was a coupling of a 'glue component' of the quarkic singlet PS state (the η 0 in our notations) to photons. But, according to the contraction η 0 involves not a pure glue contribution.
To clarify the question let us reproduce the results of Ref. [4] in the approach of the chiral effective lagrangian. In fact, the result which concerns the new 'decay' constant is reproduced trivially in the approach. Indeed, in case when U(1) A symmetry is taken into consideration the WZW term (which presents in the action of order p 4 ) must include the nonet-field matrix Σ. The latter involves the singlet interpolating field η 0 divided by the constant F 0 , but not by the octet decay constant F . (Otherwise it will not have the right chiral-transformation properties.) The second result of [4] , which concerns the additional proper vertex, may be reproduced, as well. With this purpose one should remember the Weinberg 'theorem' [6] and consider an additional term in the p 4 -order chiral effective lagrangian, which contains the totally antisymmetric tensor ǫ µνρσ and, simultaneously, is invariant with respect to the chiral symmetry, parity and charge conjugation,
Here dots stand for the usual chiral-invariant p 4 -order lagrangian [8] which is irrelevant for the discussion, L W ZW is the WZW term, and the last term is the very additional one. (For some reason it has not been considered earlier.) The quantity υ 3 is the invariant function with positive charge conjugation and negative parity. So, the total parity of the additional term is correct. It is easy to see that the additional term is RG invariant, as well, since υ 3 depends on the RG invariant variables,
. .). Nevertheless, the additional term is able to generate the RG non-invariant Green functions, since through ∇ µ Θ it involves the dependence on the RG non-invariant constant h. For example, this term describes the RG non-invariant Green function of the gluon-anomaly density and two photons (see the discussion in [3] ).
It is easy to see that the additional term in (53) contributes into the amplitude of the decay η ′ → γγ. Indeed, the power-decomposition of the function υ 3 is
where g j are the constants describing liner terms of the decomposition. Substituting (54) into (53) and extracting the term with two photons one may conclude that g 0 is that very proper vertex which has been obtained in [4] . However, the present investigation shows that there is not too serious reason to attribute g 0 precisely to the coupling of a 'glue component' of η 0 to photons (more generally, to the whole set of the external fields in the additional term). Indeed, according to (53) and (54) the coupling of the glue to photons is peculiar rather to terms g 0 F 0 Θ and g G η G , but not to g 0 η 0 . Actually, the latter term has the same coupling constant as the term g 0 F 0 Θ has. But this property follows the sum rule, which is the consequence of the U(1) A symmetry. Of course, the U(1) A symmetry itself is caused by the presence of both the quarkic and gluonic degrees of freedom in η 0 . However, these gluonic degrees of freedom do not form a 'glue component' which characteristic is the specific large-N c behavior.
Owing to above sum rule one may conclude that g 0 ∼ N 7 Summary and discussion which concern the PS glueball and the η ′ -excitation. For instance, one may study numerically the mixing of the states and describe their decays over the channels KKπ, KK * , ρρ, etc. (The latter two channels require a further generalization of the chiral effective lagrangian.) To obtain these results seems extremely important for the practical identifications of the PS glueball. However, develop these and other applications is the task for the forthcoming papers.
The permutation relations between the scalar/pseudoscalar currents and the U(1) A generator are as follows Here the second relation follows from the first one, n runs over the spatial dimensions, n = 1, 2, 3. Thanks to (A.3), one can write the permutation relation for an arbitrary Φ, admitting a power decomposition:
Here F 0 is an unknown operator which is not the temporal derivative and which satisfies the condition F 0 (0) = 0. In general case Since υ 2 is a Lorentz-invariant function, the equation on υ 2 must be Lorentz invariant. The latter requirement is implemented only when ∂υ 2 /∂η 0 = 0 and ∂υ 2 /∂(∂ µ η 0 ) = 0.
